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The quantum statistics of bosons or fermions are manifest through even or odd relative angular
momentum of a pair. We show theoretically that, under certain conditions, a pair of certain test
particles immersed in a fractional quantum Hall state possesses, effectively, a fractional relative
angular momentum, which can be interpreted in terms of fractional braid statistics. We propose that
the fractionalization of the angular momentum can be detected directly through the measurement
of the pair correlation function in rotating ultra-cold atomic systems in the fractional quantum
Hall regime. Such a measurement will also provide direct evidence for the effective magnetic field
resulting from Berry phases arising from attached vortices, and of excitations with fractional particle
number, analogous to fractional charge of electron fractional quantum Hall effect.
PACS numbers: 03.65.Vf,03.75.Mn,73.43.-f
While all particles in nature are either bosons or
fermions, emergent particles in strongly correlated con-
densed matter systems can, in principle, obey fractional
braid statistics [1, 2], which refers to the property that
their braiding produces phases that are non-integral mul-
tiples of 2pi. It was proposed three decades ago [3, 4] that
the fractional quantum Hall effect [5] (FQHE) provides
a platform for the realization of such entities. No con-
vincing measurement of the fractional braid statistics has
yet been made. In this Letter we consider a pair of test
atoms in a background FQHE state of bosonic atoms.
Under certain conditions, the test atoms capture vortices
and the bound states of atoms and vortices behave effec-
tively as particles with fractional braid statistics. Just
as fermionic or bosonic statistics are reflected through
an odd or even integer relative angular momentum for a
pair of particles, fractional braid statistics are manifest
through fractional relative angular momentum. We fur-
ther show that the relative angular momentum can be
deduced from the pair correlation function through de-
termination of the radii of various quantized orbits of one
test particle around another. This provides a method for
measuring fractional braid statistics relying only on al-
ready existing experimental methods of introducing test
atoms as well as of measuring their pair correlation func-
tion in ultra-cold bosons in rapidly rotating optical traps.
No direct interferometric or phase measurement is neces-
sary. In addition, our proposed experiment will provide
a direct measurement of the effective magnetic field aris-
ing from a binding of vortices to bosons, as well as of
excitations involving a fraction of a boson.
Neutral bosons can in principle be driven into the
FQHE regime by rapid rotation, which effectively
amounts to application of a magnetic field. The strongly
interacting regime is reached as the number of vor-
tices (NV ) in a rotating Bose-Einstein condensate be-
comes comparable with the number of atoms N , which
is parametrized by the filling factor ν = N/NV . Various
methods have been developed for producing vorticity in
atomic Bose [6–11] and Fermi gases [12], and extremely
high vorticity [13–15] (i.e. low filling factor) has been
achieved [16–18]. Progress toward achieving the FQHE
regime has been made [19] by implementing an adiabatic
pathway to the ground state of N bosons at any given
total angular momentum L, which requires addition of a
weak quadrupolar potential (of x2 − y2 form) in the ro-
tating frame to break the rotational symmetry and open
gaps at the points that would otherwise be level crossings.
It is possible, with standard techniques, to measure local
pair correlation (by creating molecules through photoas-
sociation), momentum distribution and the density pro-
file of the ground state (by time of flight), local triplet
correlation (by exploiting Feshbach resonance). We pro-
pose that the new developments in high-resolution optical
microscopy and single-atom detection [20–22] combined
with a short time-of-flight expansion can be exploited to
enable a direct measurement of fractional braid statistics.
Consider a situation in which two test bosons, labeled
by their complex coordinates z = x+ iy and z′ = x′+ iy′,
have been introduced into an incompressible FQHE state
of N bosons at wj = xj + iyj at filling factor ν, with all
particles confined to the lowest Landau level (LL). As a
concrete example, the test bosons could be Rb atoms in
the internal state F = 2, mF = 2, inside a FQHE droplet
of Rb atoms in the internal state F = 1, mF = 1. For
reference, first consider the situation in which the test
particles are uncorrelated with the background FQHE
state of the w particles. They have a wave function of
the form PM [{z, z′}]e−|z|2/4`2−|z′|2/4`2 , where PM [{z, z′}
is a symmetric polynomial with angular momentum M
and ` =
√
~c/eB is the magnetic length (related to the
harmonic trap oscillator length a0 by a0 =
√
2`). While
many independent wave functions may be constructed for
a given M , if we take one of the test particles at the origin
(z′ = 0), which produces the most symmetric situation,
all of these reduce to PM [{z, z′}] = zM . The pair wave
function zMe−|z|
2/4`2 produces a ring with a maximum
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2density at radius R given by
R2 = 2M`2 (unscreened) (1)
This can be obtained in a semiclassical approximation by
demanding that the number of flux quanta (φ0 = hc/e)
enclosed by the circle of radius R, i.e. piR2B/φ0 =
R2/2`2, be equal to the number of enclosed vortices M .
We now ask how screening by the FQHE state alters
this behavior. We take the combined system to be de-
scribed by the following (unnormalized) wave function
(suppressing here and below the ubiquitous Gaussian fac-
tor):
Ψν({wj})PM [{z, z′}]
N∏
j=1
[(wj − z′)(wj − z)] (2)
The total angular momentum now is L = Lν +M + 2N ,
where Lν is the contribution of Ψν({wj}). A Hamilto-
nian producing this wave function is given below. The
crucial feature is that the repulsion between the w par-
ticles and the test particles causes a binding of unit vor-
tices to the test particle coordinates z and z′ through
the last factor in Eq. 2. In any adiabatic braiding pro-
cess involving the test particles, the total phase accumu-
lated is an aggregate effect of vortex and particle braid-
ing. The Berry phase associated with braiding of vortices
in a FQHE state is well-known to give rise to fractional
statistics [4]. Because bosons do not produce any addi-
tional Berry phases (modulo 2pi) for exchanges or wind-
ings, the bound state of a test boson and a vortex also
obeys fractional braid statistics. The correlations with
the w-particles thus produce long range gauge forces that
“screen” the statistics of the test bosons. Furthermore,
by analogy to fractional charge” in electronic FQHE [23],
each vortex depletes precisely ν w-atoms from its vicinity.
We now show that the information about the fractional
statistics is contained in the radii R of the new rings
formed by the z particle (with z′ = 0), which we obtain
in a mean field approximation as follows. For a given
M , the mean number of enclosed vortices inside a loop
of radius R is M + N˜ = M + νR2/2`2 − ν, where N˜ is
the average number of enclosed w-particles, and the last
term reflects the fact that the vortex tied to the centrally
located test particle amounts to an expulsion of precisely
ν w-particles from the loop. Equating it to the number
of enclosed flux quanta R2/2`2 gives
R2 = 2Meff`
∗2 (screened) (3)
Meff = M − ν (4)
`∗2 = `2/(1− ν) (5)
This result is confirmed below by explicit calculation.
The two most relevant aspects are as follows. First, the
size of the pair is governed by an effective magnetic length
`∗ rather than `. This is a manifestation of the effec-
tive magnetic field. Because the z particle sees a vor-
tex at each w particle, it experiences an effective mag-
netic field B∗ = B − ρwφ0 = B − νB (with ρw denot-
ing the interior density of the w particles), which, with
`∗ ≡ √~c/e|B∗|, corresponds precisely to the relation
given in Eq. 5. Second, the effective relative angular mo-
mentum Meff is shifted relative to M by an amount ν
which is in general fractional. The fractionalization of
the relative angular momentum of the test atoms is a di-
rect manifestation of their fractional braid statistics. It
is interesting that both the effective magnetic field and
the fractional braid statistics can be detected directly
through a measurement of the pair correlation function
of the test atoms, without requiring any interferometric
Berry phase measurements.
We expect Eq. 3 to be valid so long as the z-particle
is comfortably inside the w-disk. For larger M , when
the z particle lies fully outside the disk containing the w-
particles, the number of enclosed vortices is simply M +
N , which produces
R2 = 2(M +N)`2 (outside) (6)
This loses information of fractional braid statistics (Meff
has no fractional part), but retains information about
correlations between the z and w particles through the
integer shift of M . In deriving Eq. 6 we assumed that the
z particle is still correlated with the w particles. When
it is far outside the disk, the correlations disappear and
the orbits revert to R2 = 2M`2 of Eq. 1.
In the remainder of the article we discuss certain is-
sues that relate to the feasibility of the measurement
of the fractional braid statistics by this method. Cur-
rently, it appears possible to obtain FQHE conditions
only for relatively small systems. It is important to
determine how large N must be to reveal fractional
braid statistics in a convincing manner, given that both
test atoms must be fully inside the FQHE droplet, yet
not so close that the overlap between the density vari-
ations associated with them begins to make substan-
tial correction to the braid statistics parameter [24–
26]. To address this and certain other questions, we
need wave functions for the FQHE state Ψν({wj}) in
Eq. 2. For ν = 1/2, we use Laughlin’s wave function[23]
Ψν= 12 ({wj}) =
∏
j<k(wj −wk)2. For general fractions of
the form ν = n/(n±1) we use the composite fermion (CF)
wave functions [27–36] for bosons in the LLL, given by
Ψν= nn±1 ({wj}) = PLLLΦ±n
∏
j<k(wj − wk), where Φn is
the wave function of the integer quantum Hall state with
n filled LLs, Φ−n ≡ [Φn]∗, and PLLL denotes projection
into the lowest LL (LLL); these represent the physics that
bosons capture one vortex each to transform into com-
posite fermions which, in turn, compactly fill n CF LLs to
produce incompressible FQHE states. (One filled CF LL
corresponds to Laughlin’s 1/2 wave function. Inciden-
tally, the bound state of the test boson and unit vortex
is also a composite fermion.) The LLL projection will be
evaluated by methods given in the literature [32, 37].
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FIG. 1. (Color online). The pair correlation function g(r, 0)
of the test particles with one particle fixed at the origin. (a)
The density profile for the z particle without any background
w particles. (b) The density profile for the z particle in the
background of a ν = 1/2 FQHE state. (c) Solid lines show
the exact pair correlation function at L = N2 +N +M eval-
uated for the the Hamiltonian in Eq. 7 assuming a high con-
tact interaction and the condition ωw > ωz; dots show the
pair correlation function obtained from the wave function in
Eq. 2. The pair correlation function is quoted in units of
ρ0 = (2pi`
2)−1, where ` is the magnetic length. The number
of w-particles, N , is as shown.
Fig. 1 (b) shows the pair correlation function g(|z| =
r, z′ = 0), i.e. the conditional density distribution of an
test atom given another test atom located at the origin,
as a function of M for N = 24 for ν = 1/2 (only even
values of M are shown for convenience). For comparison,
the same quantity is also shown in panel (a) for a system
containing only the two test particles (no w-particles). It
is evident that the length scale governing the test pair is
enhanced due to interaction with the correlated FQHE
state. Fig. 2 plots the peak positions as a function of N
and M for several fractions of the form ν = n/(n + 1),
and compares them to the predicted behaviors in Eqs. 3
and 6. For 2/3 and 3/4, which map into CF filling of
ν∗ = 2 and 3, there is some ambiguity (for small systems)
regarding how many composite fermions occupy each CF
LL; we have assumed occupations [N0, N1, N2] shown in
the panels (a)-(d) for the three lowest CF LLs. A num-
ber of features are notable. For sufficiently small M , the
behavior predicted by Eq. 3 is fully confirmed, and holds
even for the smallest value M = 2. In particular, the
slope is related to the effective magnetic field, and the x-
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FIG. 2. (Color online). The peak position as a function of
the relative angular momentum M for ν =1/2, 2/3 and 3/4
for several values of N , with [N0, N1, N2] representing the
occupations of the lowest three CF LLs. The plot for largest
N is unshifted; for ease of depiction, for each successive N ,
the plot has been shifted down by 10 units. The black and red
dashed lines display the behavior in Eqs. 3 and 6, respectively.
The fractional part of the angular momentum Meff is given by
the x-intercept of the black dashed line. The most probable
separation of pairs of test atoms immersed in a fractional Hall
sea of majority atoms thus demonstrates fractionalization of
their relative angular momentum.
intercept gives the fractional part of the effective angular
momentum. For sufficiently large M the peak positions
are consistent with Eq. 6. The behavior changes from
Eq. 3 to Eq. 6 as the test atom z moves, with increas-
ing M , out of the disk containing the w-particles. Our
explicit calculations show that for ν = 1/2 the fractional-
ization of angular momentum can be seen, encouragingly,
even in systems with as few as 6 particles. For ν = 2/3
and ν = 3/4, larger systems are needed to reveal the
fractionalization physics because, for a given N , the size
of the FQHE droplet at ν = n/(n+ 1) decreases with in-
creasing n. We stress that even the smallest screened pair
with M = 2 has a radius of R =
√
2n+ 4 `, which differs
significantly from the radius R = 2` of an unscreened
pair.
We next come to how the wave function in Eq. 2 may be
prepared for ν = 1/2. We consider the standard Hamil-
tonian in the LLL (in the rotating frame):
H = V0
N+2∑
j<k=1
δ(~rj−~rk)+(ωw−Ω)Lˆw+(ωz−Ω)Lˆz, (7)
where the contact interaction is (non-critically) assumed
to be independent of the species, Ω is the rotation fre-
quency, ωw and ωz are the harmonic confinement fre-
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FIG. 3. (Color online). (a) The change in the peak position
R caused by shifting the test particle z′ off center. The colors
correspond to the legend in Fig. 1a. The change is negligible
for a shift of up to 0.3`. Panels (b) and (c) show peak positions
as a function of M and shift size; for clarity, the numbers for
each value of shift have been shifted down by 10 units.
quencies for the w and z particles, and Lˆw and Lˆz are
total angular momentum operators for the w and z par-
ticles. The wave function in Eq. 2 has zero interaction
energy, but, in general, there are several zero energy
states that do not have the form in Eq. 2. Assuming
that (ωw − Ω)/V0 → 0, (ωz − Ω)/V0 → 0, and ωw & ωz,
and neglecting the slight difference between the magnetic
lengths of the z and w particles, we diagonalize the last
two terms of H within the basis of zero interaction en-
ergy states, and find that the exact ground state thus
obtained is very well approximated by a wave function
of the form given in Eq. 2. This can be expected be-
cause the confinement potential preferentially suppresses
edge excitations of the w particles, leaving it for the test
atoms fully to absorb the additional angular momentum
M . Fig. 1(c) shows a comparison of the pair correlation
functions obtained from the wave function in Eq. 2 with
those obtained from the exact ground state of the above
Hamiltonian; the high degree of agreement confirms the
validity of Eq. 2 for our considerations. (For M = 2 the
wave function in Eq. 2 is exact with F2 = (z− z′)2 in the
limit V0 → ∞, being the unique zero interaction energy
wave function.) For general ν = n/(n ± 1), preparation
of the wave function in Eq. 2 will require a more com-
plicated interaction that differentiates between w and z
particles; we leave the determination of the relevant pa-
rameter regime for a future study.
The adiabatic scheme implemented by Gemelke et
al.[19] can, in principle, be used to prepare the wave
function in Eq. 2. This method allows one to reach
the ground state at a given L by an adiabatic ramp
of the rotation rate provided its energy E(L) satisfies
2E(L) < E(L − 1) + E(L + 1). Explicit evaluation of
the energy E(L) = (ωw − ωz)〈Lw〉 shows that this con-
dition is satisfied for M = 0 and M = 2, and thus at a
minimum, these states can be adiabatically prepared and
provide useful information. For values of M that do not
satisfy this condition, the ground state can in principle
be prepared through extensions of the adiabatic method
to prepare excited states, provided sufficient information
about that spectrum is known to design and optimize
the appropriate pathway. While the methods described
above are sufficient to calculate these, we defer that to
future work.
It is not necessary to create highly pure states of well-
defined L. For partially adiabatic sequences resulting
in superposition states of different L, the distribution of
conditional measurement outcomes for r should reflect
a weighted sum of the curves in figure 1; in order to
extract data sufficient to demonstrate the fractionaliza-
tion of angular momentum, it is only necessary that the
expectation value 〈L〉 is known through preparation or
measurement.
In demonstrated methods for single atom detection,
atoms are captured in a detection lattice which simul-
taneously provides confinement, cooling and detection
fluorescence, and thus measurements of position are dis-
cretized to half of the detection lattice wavelength. Frac-
tional Hall systems have previously been created using
optical lattice structures angle-tuned to a larger lattice
spacing, allowing for short time-of-flight expansion and
reduction of density before detection. Time-of-flight ex-
pansion is self-similar in the LLL [38], and thus mea-
surement of the correlation functions described above is
achieved in experiments by post-selecting measurement
results for realizations in which one test atom is found
within one detection lattice site of center. Assuming pa-
rameters similar to reference [19], and that time-of-flight
is performed sufficiently long that neighboring systems
just begin to overlap, post-selection will choose systems
for which |z′| < 0.1`. We have therefore also studied
how the results are affected by uncertainty in the posi-
tion detection by shifting the central test atom slightly
off-center. As shown in Fig. 3, the peak positions remain
essentially unchanged for shifts of up to 0.3-0.4 ` for the
central test atom.
Similar experiments could detect the analog of frac-
tional charge. In the state described above, precisely
a fractional number ν of w particles is depleted from
near the origin. Direct measurement of this fractional
particle number would be possible in experiments where
both species of atom were imaged in-situ, and the anti-
correlation of the test and majority atoms extracted over
a short range. While this is perhaps difficult using ex-
isting in-situ imaging techniques (which suffer from par-
ity detection and achieve species – or state – selectivity
through destructive techniques), application of a strong
5Stern-Gerlach field gradient along the rotation axis dur-
ing time-of-flight can separate the test and majority
atoms into neighboring detection planes, eliminating par-
ity issues and providing a mechanism for simultaneous
detection using differential defocus of the imaging appa-
ratus.
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